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Abstract—We consider the problem of designing binary antipo-
dal uniquely decodable (errorless) code sets for overloaded code-
division multiplexing applications where the number of signals
K is larger than the code length L. Our proposed errorless code
set design aims at identifying the maximum number of columns
that can be potentially appended to a Sylvester-Hadamard matrix
of order L, while maintaining the errorless code property. In
particular, we derive formally the maximum number of columns
that may be appended to the Sylvester-Hadamard matrix of order
L = 8 and use this result as a seed to produce an infinite sequence
of designs in increasing L. In the noiseless transmission case, a
simple algorithm is developed to uniquely decode all signals. In
additive white Gaussian noise (AWGN), a slab-sphere decoding
scheme can be utilized for efficient and effective decoding.

Index Terms — Code-division multiplexing, detecting ma-
trices, Hadamard matrices, Karystinos-Pados bound, Welch
bound.

I. INTRODUCTION

Recent results in the field of optimal antipodal binary (or
quaternary) code-division multiplexing addressed the problem
of minimum total-squared-correlation code set design [1]-[4]
and its extension to periodic and aperiodic correlations [5],
[6]. With emphasis on overloaded code-division multiplexing
where the number of multiplexed signals K exceeds the
code (signature) length L, extendend Hadamard-matrix' based
designs were seen to offer multiple correlation optimality
(direct [1], [4], periodic [5], and aperiodic [6]).

An additional property that an overloaded code set needs to
satisfy is to be “errorless” (uniquely decodable) in noiseless
multiplexed transmission. A binary antipodal errorless code
set of dimension L x K is a matrix C € {£1}**X such that
for all possible x; # x5 € {1}, Cx; # Cxy. Then, in the
overloaded (K > L) synchronous code-division application
of interest, the multiplexed signal y = ACx = Zfil Ax;c;,
where c; € {jzl}L, 1 =1,..., K, are the signal signatures, can
be uniquely demultiplexed to recover the information bits x;
with amplitude A > 0.

T Corresponding author.

IWe recall that a Hadamard matrix of size L is an L x L matrix Hp,
with elements 41 or 1 and mutually orthogonal columns, H LH% = LIy
where I, is the size-L identity matrix. A necessary condition for a Hadamard
matrix to exist is that L = 0(mod4), except for the trivial cases of L = 1
or L =2.
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In the literature, uniquely decodable code set constructions
[7]-[11] are recursive in nature and produce antipodal matrices
of size L x A(L) + 1 where A(L) is the number of ones
in the binary expansion of all positive integers less than L.
An overview of existing recursive construction techniques of
binary (0, 1), antipodal (£1), and ternary (0,+1) detecting
matrices is given in [12] in a unifying framework. Size-
wise, the base-line result remains Lindstrom’s limit [13]
limyr e %{;j? = % where K4, (L) represents the maxi-
mum number of columns (signals) that a matrix can have and
still be uniquely decodable.

None of the code designs in the literature considered so
far the option of appending columns to Sylvester-Hadamard
matrices so that the resulting code set is errorless. It is trivial
to prove that for L = 4 the maximum number of columns
that can be appended to the Sylvester-Hadamard matrix Hy is
one. In this work, first we find formally the maximum number
of columns that can be appended to the Sylvester-Hadamard
matrix Hg (which is five, therefore K,,,, = 13 ). Then, we
develop an explicit construction of antipodal matrices using the
8 x 13 code set as a seed to create an infinite series of code sets
with dimensions L x A(L)+1 and L' x A(L)+ 1+ 7m where
L=2°,p=4,5,..,and L < L' <2L, L' = L+ 4m = 4n,
m = 1,2,... , n = 3,5,7,... (e.g., sets C12%x20, Ci6x33,
Ca0x40, Coaxar, Cosxse, Caaxsi, - » Ceaxios, etc.). We
prove that the minimum Euclidean distance of the multiplexed
data Cx, x € {£1}% is 4 for L = 2P and for the noiseless
multiplexing case we describe a simple recursive algorithm
for errorless decoding. For additive white Gaussian noise
(AWGN) channels, a slab-sphere decoding scheme [14] may
provide efficient and effective decoding.

II. FORMULATION AND FOUNDATION DEVELOPMENT

We recall that a code set C € {£1}*K is uniquely
decodable over signals x € {£1}*, K < L, if and only if
for any x1 # X3, Cx1 # Cx2 or, equivalently, C(x; —x2) #
07 «1. We can rewrite the unique decodability necessary and
sufficient condition as Null(C) N {0, £2}% = {0}¥ or in an
equivalent manner

Null(C) N {0, £1}¥ = {0} *. (1)
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We are interested in this work in matrices C that can be
written as C = [H, V] where V, € {+1}1*(K~L) and H,
is a Sylvester-Hadamard matrix of order L = 2P, p = 2,3, ... .

We recall that the order-2 Sylvester-Hadamard matrix is Hy =
H —11} and Hop1 = {Egz _I%f;},p =1,2,.... Then, for
any p= 1,2, ..., Hop Hop = 2PIop «o» where Iy is the size-IV
identity matrix.

By (1), for any z € {0, £1}* — {0}* we must have

[HLVL] Z
HLZ1

% 0 or
7& _VLZ2

(2a)
(2b)

where z = [z?zﬂT, z; € {0,£1}F, zp € {0,£1}5-L.
Obviously, there are 3~ distinct points created by the Hy,
Hadamard matrix projection Hyz; and up to 3% ~% —1 points
created by the V; matrix in the L-dimensional space by
the operation Vz,. We need to design a matrix V; €
{£1}L>(E=L) gyuch that no hypercube point generated by V
coincides with hypercube point generated by Hy. We shall
attempt to address the following two questions: (i) What is the
maximum number of columns that we can append to a given
Sylvester-Hadamard Hy, and satisfy (2b)? (ii) If we know the
maximum number of columns K — L that we can append,
how do we design such a V, € {£1}1X(K=L) (o create the
errorless code C = [H.V]?

The design of the optimal Vi (maximum number of
columns) for the case L = 4 is simple and can be found
working directly in the column space of C which has a total
of only 2% = 16 points. Four points and their corresponding
antipodal points are used already by H, and cannot be
entered in V4. The remaining eight possible candidates are
[-1,1,1,1)%, [1,-1,1, 7, [1,1,-1,1]F, [1,1,1,-1]T and
their four antipodals. Any one, but no more, of these vectors
can define V4 € {+1}*4*1,

In preparation for the general construction section that fol-
lows, we present four unique decodability conditions (propo-
sitions) that we derived stemming from Eq. (2b). In the
presentation, each column v; in Vi = [vy,..,vx_g] is
partitioned into subvectors v; = [v],...,v], ;] where
M=1L/dand v;; € {+1}* for 0 < j < M.

Proposition 1 Assume z; # 0% in (2b). The code C is not
uniquely decodable (not errorless) if and only if

HiApoln
HyAp11n 3)

[V0,0,--sVN—1,0] Aly

Vo1, VN—1,1] Aln

Vov—1,s VN—1,M—1]Aly = HyAg a1l

for some A € {0,+£1}¥*¥ that has at most one non zero
entry in each column and matrices A ; € {0, +1}N § =
0,...,M — 1, that have at most one non zero entry in each
column at the same position for all ¢ = 0, ..., M —1 with values
[@0,j,---san—1,;]7 € £Hpy at column j, where N, N’ € N,
1y = {1}V*! and 15, = {1}V %1, 0

Proposition 2 Assume z; # 0% in (2b). If

B0,0v0,0 © ... © BN-1,0VN-1,0 aoh;
B0,1v0,1 ® ... ® BN-1,1VN-1,1 = aih; 4)
Bo,mM—1Vo,M—1O© .. O BN_1,M-1VN-1,M~1 = «ap—_1hj

is not true for all [ap, ...,anr—1]T € Hyy, h; € Hy, 8;; €
{0,1},0<i<N-1,0<j<M-1,5oo=0o1=..=
Bov—1, Bro= P11 = =B1,m—1, -, BN-10=BN-11 =
... = BN—1,M—1, Where the ©® operator denotes element by
element multiplication of v; ; vectors, then (2b) is satisfied.
O

Proposition 3 Assume z; = 0% in (2b). The code C is not

uniquely decodable if and only if

V0,05, VN—-10]Aly = 0
Vo1, VN-1,1]]Aly = O )
Vov—1,s VN—1,M—1]Aly = 0

for some A € {0,+1}V*Y where N € N, 1 = {1}**},
0 = {0}**! and A has at most one +1 entry in each column.

O
Proposition 4 Assume z; = 07 in (2b). If

B0,0v0,0 ® ... © BN—1,0VN-10 = al
B0,1v0,1 ©® ... © BN—1,1VN-1,1 = ol (6)
Bo,M—-1Vo,M—1-- © BN—1,M-1VN-1,M—-1 = ol
is not true for all o € {£1}, 8, ; € {0,1}, 0 <i < N —1,
0<j<M-1, Boo=PBo1=-=PBom=1,B10=P011=
o = Bim-1, Bn-10 = BN-11 = ... = BN_1,m—1, Where
© operator denotes element by element multiplication of v; ;
vectors, then (2b) is satisfied. O

III. ERRORLESS CODE SET CONSTRUCTION

trying to find the maximum
number of columns that can be appended to the
Sylvester-Hadamard  matrix =~ Hg  while  maintaining
the wunique decodability property. We introduce the
notation H4 = [ho, h17 h2, hg], [ao, aj, ag, 33] é
[[—1,1,1,1]T,[1,—1,1,1]T,[1,1,—1,1]T,[1,1,1,—1]T},

and the negation function x~ = —x. Table I lists the vectors
hy,...,hs,ap,..,a3 in their direct and negated form along
with their corresponding elements in the extended GF(2*%)
field with primitive polynomial a* + o+ 1 = 0 and negation
function o~ = a°. The summation among all the elements
in the extended GF(2%) field is equivalent to elementwise
multiplication of corresponding binary antipodal vectors.
With the above formulation, we describe the columns of
Vi, v, i=0,...,K —L—1, as two-dimensional finite field
vectors £, = [fiofi1lT, fiosfin € {0,1,a,...,a'},
1 = 0,.,.K — L -1, L = 8. By Propositions 2
and 4, no vector subset of [fy,fi,..,fx_r_1] can be

We begin by
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TABLE I
GF(2%) FIELD EQUIVALENCE

Antipodal Polynomial Power
ho 0 0
ho 1 1
hy « «
hy o? o?
a) o3 B
hs a+1 ot
h o? +a b
a; o + a? ab
ag B 4+a+1 a’
h; o? +1 o8
as o’ 4« o’
hy o +a+1 ol
ag B +a?+a all
a, oB+a?+a+1 ol?
ag ad4+aZ+1 ald
ag od+1 ol

of the form [c,dT, [c, T, [e,c7]T, [¢c7,¢7|T where

c € {0,1,a,02%,a* o’ a8 al®}. Consider all 28 = 256
possible antipodal columns of C reduced down to 128 by the
column-sign equivalence property. Organize the 128 vectors
into three types of matrices, A, D, G as well as Hg as

. ) a3 ot 3 B A’ a’ o &
given below: A; = 0 0 o 1 o o al® ofl
A, — a3 b al® a3 a7 o o af

2= 1o 0 a8 1 a9 ot a o)

A B a7 al?2 ald a3 a3 a3 af

3 - 0 0 a® a ol ot o8 1)
A 20 all o183 13 o3 a3 o7 of -

4= [0 0 a% ot a o of 1 }’

A _ 0 0 1 o8 a o ot al®

5 = a3 ol 03 a3 a7 o a® A’
A — 0 0 1 a8 a o ot all

6= a3 af al® a3 % o o o |’

A o 0 0 1 o « a® ot alf

7 = a7 a2 o af ald ol o3 ad |0
Ag = 0 0 1 a® a ao® ot alf i

8= |09 all a7 o o a3 a3 al3|>

0 0 1 af 0 0 1 a°]
D, = {1 a® 0 » D2 = 1 o 0 0]
0 0 at Ql0 al® o3 a7 af]
D3 = 4 10 s D4 = 13 3 7 9>
ot « 0 0 « a® a' o«
13 3 7 97 13 3 7 97
« 6% (0% (0% (0% (0% (07 6%
D5 = [as ald a9 a7\’ D6 = {O{? a® ald o3|’
13 3 7 97 14 3 7 97
« (0% « (6% « (6% (0% «
D; = [ 9 7 .3 13, Gi = { 9 12 6 145
(0% (0% (0% (0% « (0% «
G PECIY: B SN ) G a4 o3 o af]
2 = [O; all ol afs}, 3 = {as ald o9 12|
14 3 7 9 7
o a o o a o 1 1
Gy = [aw b al? au}, Gs; = {as 1 a® al
4 4 4
e « 1 1 e « « «
G6 - |:O¢8 1 0410 a4i| ) G7 - |:045 ol Oélo a4_ )
00 a1 ot 0 e 1 at

Hs = |0 4 1 o4 o2 o of alo|- No two vectors

from the same matrix can be included in the construction

T T

of Vg, since they will coincide with the [c, ]!, [¢7, ]!,
[c,c™]T, [c™, et forms, ¢ € {0,1,a,0a2, a* o af, o).
Certainly, Hg (and Hg) cannot be included in our design
set either. It can be shown that under field summation
A, + Ay Dj, or Gs—j,, Ai, + Dy, = Ay,
Dj2+Dj3 = Gj4 and Gj5+Gj6 = Gj7 where ’Ln S {1, ...,8},
0<n <3, and j, € {1,..,7}, 0 < m < 7. This result

establishes that the maximum number of vectors that we
can append to Hg and have uniquely decodable code
C is five. The possible Vg matrices with K — L = 5

columns where K = A(8) + 1 = 13 can be constructed
from (A,A,A,D,G), (A,A,D,D,D), (A,A,D,D,G),
(AA,D,G,G), (A,D,D,D,D), (A,D,D,D,G),

(A,D,D,G,G), and (A,D, G, G, G) combinations only.
Next, we are ready to propose a general L x [A(L) + 1]

code set design’> when L = 2P, p = 3,4,... . Choose’
a13 1 « C!13 a3 .
Vg = { 0 0 0 ol a3_j| and then recursively construct

Vi Ve R
Vip Vi, O

where V5 is the L/2 x [A(L/2) + 1 — L/2] matrix con-
structed in the previous step, R = with

Vi = )

T
T [1'0,...,1']\/[_1]

,0<i<M-1,M=1L/8,
0, is the g-dimensional column vector with all elements zero
from the extended field GF(2%), except at the gth position
which is 07, 0; is an extended field GF(2*) all-zero t-
dimensional column vector and 0y is an L/2 x (L/2 — 1)
all-zero extended field GF(2*) matrix. By either Propositions
2 and 4 or Propositions 1 and 3, the resulting code construction
Crxa()+1 = [HL V] is errorless and of maximum known
size K = A(L)+1 (to the very best of our knowledge there is
no other known construction algorithm that offers size higher
than A(L)+1 for a given L). The minimum Euclidean distance
among vectors y = Cx can be found to be equal to 4. The
derivation is omitted herein due to lack of space.

Finally, we conclude this paper with an extension of our
design to the case L' = 0(mod4) and L' # 2P, p =1,2,... .
First, find the largest L = 2P such that L < L’ < 2L. Then,
design V', according to (7). Find m € {1,2,...} such that
L' = L + 4m and extend V, to

. _ |pT 13 T
r;, = [04i,a ,1,05,04(M_1_i)

Vr 0p

0 R ®

VL/ -

where 0; of dimensions L x 3m and 0’ of dimensions
m x [A(L) + 1 — L] are all-zero matrices from the ex-
tended field GF(2*) and R’ = [r},....v),_,]" with r} =
T
[Og;,al?’,l,a,og(m_l_i) ,0 < i < m — 1. The matrix
Crx[L/+A(L)+1-L+7m] = [H7, V] is our proposed error-
less code set where H', is created by the first L’ rows and
columns of the Sylvester-Hadamard matrix Hy;, of order 2L.
Compared with other recursive methods, our method in (8)

produces errorless codes* C of dimension L' = 0(mod4) €
(L = 27, 2P and size K = [L' + A(L) + 1 — L + 7m)]

2Since L =2P, K = A(L) + 1 =p2P~ 1 +1,p=3,4,....

3In this design, Vg is chosen from the (A, D, D, D, G) combination.

“Note that all of our antipodal errorless code sets Cr,» i can be directly
converted to errorless “optical” code sets {0, 1}1%K, Cppticar = (J+C)/2
where J is the L x K all-one matrix. The proof that Null(C,pticai) N
{0, £1}% = {0}¥ is trivial. However, it is not necessarily true that optical
errorless code sets can be converted to errorless antipodal code sets.
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that is lower than A(L’) + 1 that constructions in [7]-[12]
can achieve for certain L' = 0(mod4) values. Such construc-
tions, however, require derivation/knowledge of smaller size
errorless constructions, while our design in (8) is Sylvester-
Hadamard explicit.

IV. MULTIUSER DECODING ALGORITHMS

In the following, we describe a recursive algorithm to
decode all multiplexed signals in the absence of noise. Suppose
that K signals contribute £1 information bits and

K
y=Cx=> zc €))
i=1

where y € {-K,...,0,..., K} is the multiplexed signal
vector, C € {£1}5*E is the proposed code set, ¢; € {+1}%
is the ith signal signature, i = 1,--- , K, and x € {£1}X
is the information bit vector. By the design of C, equation
(9) has the property that all possible 2% bit-weighted sums of
the c; signatures are distinct. This means that we can recover
x uniquely and correctly from y. Consider the following
equation

1
r:§(y+CIKX1):CX’ (10)

where 1x i is the all-one vector and x’ € {0,1}5*! is
the affine transformation of x. Solution of (9) is equivalent
to solving (10). Let ny = L —4(i — 1), no = ny — L/2,
nsy = ﬂ1+L/2, ng = L/2+4’L, ny = ’fl474, ne = 41,
ny = ng —4 and ng = ng + L/2, for i = 1 to L/8. The
demultiplexing algorithm is given in direct implementation
form in Table II.

In the case of AWGN, we can efficiently use the slab-sphere
decoding algorithm [14] to recover the signals. To illustrate the
behavior of our proposed errorless code sets, we consider the
overloaded system Cgy13 in Fig. 1 constructed by equation
(7). The performance of the code set in terms of average bit-
error-rate (BER) over all K signals versus common signal
SNR is plotted in Fig. 2. It can be argued that the proposed er-
rorless code set design of overload-gain 62% can be potentially
utilized in code-division multiplexing even under slab-sphere
decoding. Fig. 3 shows our errorless Ci4x33 design (overload-
gain 106%). The average BER study is given in Fig. 4 and
shows most appealing error rate under maximum-likelihood
(ML) decoding (but not under slab-sphere decoding).

+ + 4+ + + 4+ + + - + + - o+

+ - 4+ -+ -+ - 4+ o+ = 4+ -

+ + - - + 4+ - - 4+ - + 4+ +

C o+ - -+ + - -+ + - - 4+ +
8X13 = |+ + + + - - - - + + + - -

+ - 4+ - - 4+ - 4+ 4+ + + 4+ +

+ + - - - - 4+ 4+ 4+ + + + -

+ - - + - 4+ + - 4+ + + + -

Fig. 1. Errorless signature code set for an overloaded system with codelength

L = 8 and code size K = 13.

TABLE I

NOISELESS DECODING ALGORITHM

1) Initialize input r = £ (y + C1).
2) For i =1 to L/8, do;
2a) Compute mp,—1 =r(ny1) +r(ny — 1) — [r(n2) + r(n2 — 1))];
if (Mny—1 mod 4) = 2, then set x/,__, := 1; otherwise :(:21371 = 0.
2b) Compute My, —2 = r(n1) +r(ny — 2) — [r(n2) + r(n2 — 2)];
if (Mmpy—2 mod 4) = 2, then set ), _, := 1; otherwise x], _, := 0.
2¢) Compute mp;—3 = r(ny) + r(n1 — 3)[r(n2) + r(ng — 3)]
-2 95%3—1 + !
if (myp,—3 mod 4) = 2, then set z/,
3)Fori=1to L/8 —1, do;
3a) Compute mnpg =r(ns +1) + r(ns + 1) — [r(ne + 1) + r(n7 + 1))
! ! .
=22, 41+ T 4)3
if (mng mod 4) = 2, then x’ns := 1; otherwise 95;18 = 0.
4 Setrii=r—Cr_r/2KkXp_[ /o T2 = (F1,1:0/2 +T1,0/241:0)/2
and r3 := (ry 1.0/2 — T1,0/241:1)/2-
5) Run algorithm from Step 1 initialized at ro and rs with dimension L/2
until all K unknown elements of x’ are found.

ng—2 >

—1- : ’ L
53 = 1; otherwise Ty g i= 0.

10 T T T T T

—v— ML
—o&— SLAB-SPHERE

Average BER
S

10’4 L il il i il L L
0 2 4 6 8 10 12 14 16

SNRin dB

Fig. 2.
K =13.

BER versus SNR for the errorless code system with L = 8 and
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